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1 Introduction 



Recently, it has been shown that geodesic motion in the Kerr-NUT de Sitter spacetime 
is integrable for all dimensions [H E], [3], HJ El E] . Indeed, the constants of motion that are 
in involution can be explicitly constructed from a rank-2 closed conformal Killing- Yano 
(CKY) tensor. In this paper we consider the problem of integrability of the geodesic 
equation in a more general situation. We assume the existence of a single rank-2 closed 
CKY tensor with a certain symmetry for D-dimensional spacetime M with a metric g. 
It turns out that such a spacetime admits mutually commuting k rank-2 Killing tensors 
and k Killing vectors. Here we put D = 2k for even D , and D = 2k — 1 for odd 
D. Although the existence of the commuting Killing tensors was shown in \^ 3\, we 
reproduce it more directly. We also discuss the condition of separation of variables for 
the geodesic Hamilton- Jacobi equations using the result given by Benenti-Francaviglia [7] 
and Kalnins- Miller [8| (see also [9]). 

2 Assumptions and main results 

A two-form 

h = -hah dx" A hab = -ha (2.1) 

is called a conformal Killing- Yano (CKY) tensor if it satisfies 

^ahbc + ^bhac = '^icQab — iaQbc — ibQac- (2.2) 

The vector field is called the associated vector of hab, which is given by 

= -^^"^'ha. (2.3) 

In the following we assume 

(al) dh = 0, (a2) C^g = 0, (a3) £5/1 = 0. (2.4) 
The assumption (al) means that {D — 2)-form / = */i is a Killing- Yano (KY) tensor, 

V(ai/a2)a3-ao_i = 0. (2.5) 

Note that the equation (12.21) together with (al) is equivalent to 

Vahc = icQab - ibQac- (2.6) 
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It was shown in [10] that the associated vector ^ satisfies 

+ Vfe^a = -^^^Ra' he + Rb" hac), (2.7) 

where Rab is a Ricci tensor. If M is Einstein, i.e. Rab = ^gab, then 

+ V.^a = 0. (2.8) 

Thus, any Einstein space satisfies the assumption (a2) \X0\. According to [5J, we define 
2j-forms h^^'^ (j = 0, ■ ■ • , A; - 1): 

/iO) = hAhA--- Ah= -T^hJ^ ^^.dx"' A • ■ ■ A dx''^^ (2.9) 
where the components are written as 

^ai--a2j ~ 2j ' ^[«l«2^a3a4 ' ' ' ^a2j-ia2j]- (2-10) 

Since the wedge product of two CKY tensors is again a CKY tensor, h^^^ are closed CKY 
tensors, and so f^^^ = *h^^^ KY tensors. Explicitly, we have 

/O) = = ^ 1 — f(J) dx"' A ■ ■ ■ A dx''^-^^ (2.11) 

where 

Jai-aD-2j (2j)! ai-aB-2j"'bi-b2j- y^.i-^) 

Given these KY tensors, we can construct the rank-2 Killing tensors K'^^'> obeying the 
equation V(a-K'^^j = : 

i^O) = \ f(i) Aj)ci-co-2j-i (0 ^X\ 

_ 2j — l)!(j!)2''''^i'"'=o~2j-i.'b • v^--^'-'; 

From (a2) we have *h^^^ = * C^h^^ and hence the assumption (a3) yields 

C^h^^ = 0, C^f^^ = 0, = 0. (2.14) 

We also immediately obtain from (12. 6p 

Vj/i^^) = 0, V^/^^) = 0, Vgir(^) = 0. (2.15) 

Let us define the vector fields r]^^^ by [11], |12] 

^U) = KU)^b^^_ (2.16) 



:2.17) 



Then we have 

which vanishes by (12.141) and (12.151) . i.e. r]'^^^ are Kilhng vectors. 

Theorem 1 was proved in [51 E] . 
Theorem 1 Under (al) Kilhng tensors K^^'^ are mutually commuting, 



The bracket [ , ]s represents a symmetric Schouten product. The equation can be 
written as 

(2.18) 



^d{a^ ^bc) ^d(a^ ^bc)—^- 



Adding the assumptions (a2) and (a3) we prove 
Theorem 2 

C^(i)h = 0. (2.19) 
Corollary Killing vectors r/*-*-' and Killing tensors K^^'^ are mutually commuting, 



3 Proof of theorems 1,2 

Let H, Q := — -f/^^, K^^'' be matrices with elements 

H\ = h\, Q\ = -h\h\ {K^'^Yb = K^'^\. 
The generating function of K^'-''^ can be read off from [5] : 



fc-i 



j=0 



ab 



Here k = [{D + l)/2]. Note that 
2deti/2(/ + /5Q) r(/ + /3Q)-i 
= det (J+v^if) \{I+^/(3H) 



-1 



det(/- v^i/) [(/- v^/7)"i 



(3.1) 



(3.2) 



(3.3) 



Since det(/ ± ^H) [{I ± v^i/)-i]% is a cofactor of the matrix I ± ^/pH, is indeed 
a polynomial of P of degree [{D — l)/2]. 
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Using the explicit form of Kbc{P2) , we have 

X (2[HS{(32)],,SUf^2) - [HS{(32)],,S/{f32) - [HS{f32)]^,SMP2) 



(3.14) 

P2^'i2[HS{P,)S{P2)]^,SUP2) 



- [HSiP2)USiPi)S{p2)]^^-[HS{P2)]JS{P^)S{P2)]^, 
+ S,,{(32) [HS{(3,)S{(32)]^^ + S,4(32) [HS{(3,)S{(32)],^y 

Then 

F(abc){f3u P2) = 2(32e^S^UP2)[HS{(3,)S{(32)],.^, - [S {(3^) S {(32)] ^.^^ S m] ,^,) ■ (3.15) 
Note that 

(32SiP2) - PiSiP,) = {f32 - (3i)S{(3,)S{(32). (3.16) 

Then 

F(abc) iPl, 1^2) — F(^abc) {(32, Pi) 

= 2(/52-A)e'([5(A)5(/52)](,,[i^5(/305(/32)]a).- [5(A)5(/32)](,,[i^5(/305(/32)]„),) 
= 0. 

This completes the proof of Theorem 1. □ 
Let ria{(3) be the generating function of rja^: 

k-l 

Va{(3) = J2vi'^f^' =Kabm'- (3.17) 
j=0 

Proof of Theorem 2. In terms of the generating function (I3.17p . the theorem 2 is 
equivalent to 

^r0)hab = 0. (3.18) 

The left-handed side is 

jCr^(f3)hab = V%(3)'^chab + h,,W aV^P) + hac^bV^I^)- (3.19) 

Using (12.61) . the first term in the right-handed side of (13.191) becomes 

V'{f3)ychab = ^bVaiP) - ^aVbiP). (3.20) 



Let us examine the second and third terms. 

= K^VaiK'^dm") + KcV,{K'dm') (3-21) 
Note that 

[K{m],,'^ae + [K{m]^,'^^e = ^dKim]^, - ^^d^im]^, = o. (3.22) 

Here we have used (12 .14^ and (12.151) . 
Let 

^"^^^^ - detV2(/ + ;5Q)- ^^-^^^ 

Then 

Uab{f3) = det'/\l + (3Q) (Vam - Ha(/3)) = 2 deti/2(/ + f3Q) V[,,] (3.24) 
Using (13.71) . we have 

Vab{f3) = [3eif[[HSmad[HSmhf - SdAQSmab + [QSmadS^m], (3.25) 

2V[„6](/3) = /5e'e^|[Q5(/3)],,5,^(/3) - SadmQSmhf]- (3.26) 



Note that 

f5QS{(3) = I-S{(3). (3.27) 

Then 

2V[„b](/3) = K''^^ {gadSbf{(3) - Sad{[3)gbf] = ^aSbjiPW - ^bSadm'- (3.28) 
Therefore 

Uab{P)=^aVb{f3)-^bVa{f3). (3.29) 

Adding ^20\f and dSD, we have 

^ri{P)hab = 0. (3.30) 

This completes the proof of Theorem 2. □ 
The first relation of Corollary is equivalent to 

/:^„irO) = 0, (3.31) 
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which immediately follows from Theorem 2. 

The second relation of Corollary is equivalent to 

= 0. 

Note that 

= 0. 

Here we have used (I2.14p and (I3.33p . Then 
Now, using this relation and fl3.3ip . we easily see that 

= 0. 

This completes the proof of Corollary. 

4 Separation of variables in the Hamilton- Jacobi equa- 
tion 

A geometric characterisation of the separation of variables in the geodesic Hamilton- Jacobi 
equation was given by Benenti-Francaviglia [7] and Kalnins-Miller |8]. Here, we use the 
following result in [8]. 

Theorem Suppose there exists a A^-dimensional vector space A of rank-2 Killing ten- 
sors on D-dimensional space {M,g). Then the geodesic Hamilton- Jacobi equation has a 
separable coordinate system if and only if the following conditions holcll]: 

(1) [A, B]s = for each A,B e A. 

(2) There exist (D — ?T,)-independent simultaneous eigenvectors X^""^ for every A E A. 
^We put 712 = for theorem 4 in [8]. This condition is satisfied in the case of a positive definite metric 

9- 



(3.32) 

(3.33) 
(3.34) 

(3.35) 
(3.36) 
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(3) There exist n-independent commuting Killing vectors Y^"\ 

(4) [A, = for each A E A. 

(5) A^= {2D + n^ -n)/2. 

(6) giX^'^lX^^^) = Oifl<a<b<D-n, 

and giX'-'^l F^")) = for 1 < a < D - n, D -n + l<a<D. 

We assume that the Killing tensors K^'-''^ and K^"^^^ = r^^*^ i^r]^^'^ +r]^^^ (8>?7^*^ given in section 
2 form a basis for A. Note that in the odd dimensional case the last Killing Yano tensor 
y(fc-i) jg ^ Killing vector, and hence the corresponding Killing tensor K^''~^^ oc 
is reducible [5]. Then, it is easy to see that the conditions (1) ~ (6) hold. Indeed, the 
relation K^^^K^^^ = K^^^K^^^ implies that there exist simultaneous eigenvectors X^""^ for 
K^^^ satisfying conditions (2) and (6). Other conditions are direct consequences of Theo- 
rem 1 and Corollary. 



5 Example 

Finally we describe the Kerr-NUT de Sitter metric as an example, which was fully studied 
in [ni [H [H El [31 H El E]. The D- dimensional metric takes the form \13\: 
(a) D = 2n 

^=1 ^=1 \k=Q J 



(b) D = 2n + 1 

^=1 ^=1 \k=0 ) \A:=0 / 



The functions Qa are given by 



(5.2) 



where is a function depending only on and 

l<ui<- ■■<Ui:<n l<i/i<---<Uh<n 



with a constant c. The CKY tensor is written as [2] 



^ n— 1 

h=^Yl ^^^''^'^ ^ (5.5) 

fc=0 

with the associated vector ^ = d/dipQ. The assumptions (al), (a2) and (a3) are clearly 
satisfied. The commuting Killing tensors K^^^ and Killing vectors r]^^'^ are calculated as 

mm 

n 

where e = for D = 2n and 1 for D = 2n + 1. The 1-forms {e^, e'^^", e^'"^^} are 
orthonormal bases defined by 



Vfc=0 / \k=0 J 



(5.^ 
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A Generating function of K^^^ 

In this appendix, we rederive the expression of the generating function of K'^^'> directly 
from the definition fl2.13p . 

A.l Auxiliary operators 

It is convenient to introduce auxiliary fermionic creation/annihilation operators: 

V'a, a = l,2,...,D (A.l) 

such that 

= 0, {r, V-'} = 0, {^a, V-'} = t (A.2) 
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Also let 

The Fock vacuum is defined by 

V'„|0) = 0, (01^5" = 0, a = l,2,...,A 

with a normalization 

(0|0) = 1. 

To a 2-form /i 

let us associate the following operators: 



1 

2 

Note that 

(M^ = (^C.a..^"•••V5"^■■ 
= (-iy(0|V'„,---V'a.,(M'|0>- 

A. 2 The generating function of A^^^ 
Let 

^(J) is nontrivial for j = 0, 1, . . . , [D/2]. 
Note that 

^0) = ^h{jw-c2, 



1 



^(_1).(0|MM|0). 
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Then we have 

[D/2] 

J2 A^^^(3^ = (0|e-^'^^e^''v;|o). (A. 14) 

j=0 

Let us introduce the vielbein 

9ab = Sije\e\. (A.15) 

(We assume the Euchdean signature.) 
Let E be the matrix with elements 

E\ = e\. (A.16) 

Then 

H'^b = {E~^YiHijE\, Hij = —Hji- (A. 17) 

Also let 

9'^e\i^% e'^e\r. i = l,2,...,L>. (A.18) 
Then we have 9i — 9\ 9i — 9\ and 

{9i, 9j} = 0, {9i, 9j} = 0, {9i, 9j} = S.j, (A.19) 

for i, j = 1,2, . . . , D. It is well known that any real antisymmetric matrix can be block 
diagonalizcd by some orthogonal matrix. Therefore, we can choose the vielbein such that 
H has a block diagonal form and 

n n 

hij} = \^9^9n+fi-, = ^n9ix9n+n, (A. 20) 

//=1 //=1 

for n = [D/2]. Here we assume that 7^ 0. Note that 

EQE-' = diag(A?, Xl,..., Xl Xj, A^, . . . ). (A.21) 

For odd D, the last diagonal entry equals to zero. 
Then 

n 

{Ole-^h^e^'^m = (0| Hil - V^A^^A+m)(1 + ^Wn+M 

,1=1 
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Here / is the D x D identity matrix. 

We have the generating function of A^^^: 

lD/2] 
3=0 

A. 3 Recursion relations for A'(^) 
The Levi-Civita tensor satisfies 

^a....a.c....c,_.^^^ ^^^^ = r\{D - r)!5£^ ■ .-dt}. 

Using (IA.24p . we can check that K^^^ has the following form: 
Here A^^^ is defined by (lAH) . 



It is possible to show that 

\ TiO) /i(i)ci-C2j-i _ u 

(2j - l)!(j!)2 - "-^ ^cd b- 

In the matrix notation, K^^'' satisfies the following recursion relation: 

K^i) = A^^h + HK^^^^^H. 

Therefore, we can see that K^^^ commutes with H. Thus 



With the initial condition 



we easily find that 



or 



We immediately see that 



K^'^ = = 9ab, 



1=0 



1=0 
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Using (1A.23|) . we can see that K^^'^ = for = [{D + l)/2]. Indeed, by setting 

/? = -x-\ 

[D/2] 

J2 i-iyA'^^^x-' = det'/^I - x~^Q) = dee/\xl - Q). (A.33) 

j=0 

For D = 2k, 

k 

= (-1)'= det^/\xl - Q). (A.34) 

j=0 

If we set X to be an eigenvalue of Q, the R.H.S. becomes zero. Therefore, we can see that 

k 

j^{k) ^ ^(_i)'A(fc-OQi = 0, for D = 2k. (A.35) 

1=0 

Similarly, for D = 2k — 1, 

k-l 

= detV2(a;/ _ g). (A.36) 

j=o 

Thus 

k 

Xik) ^ ^(_i)U(fc-OQ' = 0, for D = 2k-1. (A.37) 
1=1 

Also note that A^^^ = for j > [D/2] + 1. Therefore the recursion relations f lA.28D 
becomes trivial for j > k + 1 and Kj^J = for j > k. K^^"^ can be written as flA.301) for 
all J > but are nontrivial only for j = 0, 1, . . . , /c — 1. 

Using (1A.30I) and ( 1A.23I) . we can see that the generating function of K^^"^ is 

fc-i 

K{I3) := K^'^P' = deti/2(/ + (3Q) (/ + f3Qy\ (A.38) 

j=0 
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A.4 Proof of HKm 



The L.H.S. of (1X261) is 
1 



Then 



Thus 



Note that 



Then 



(2j-l)!(j!)2 — 



b 



= (2j-^l\^)!0-!)2 ^^''^"'""^'^^<°'^-^ ■ ■ (A.39) 

= (-1^(01^ [{^a,A}-Ma] ^|0) (A.40) 

^fi^ = (-iy(0|^^.V^.^|0). (A.41) 

V^a(/i^y|0) = j/i/V'a'(/i^r'|0), (A.43) 

[h^,tljk] = ^Pb'h\, (A.44) 

(0|(/i^yV^6 = j(0|(/iv,y-V6'/i'V (A.45) 



(L.H.S. of = 



(R.H.S. of ^KM)- 
15 



This completes the proof of (lA.26p . 
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